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1. Preliminary Considerations About Compatibility

When one wants to generalise most of the equations of evolution in
wave mechanics in order to embrace the case of electrically charged
particles moving within an electromagnetic field, one usually employs a
procedure whose origins may be found in analytical dynamics and which
consists of replacing the momentum and energy operators, namely

Pop = iV,  E,,=—ild, (1.1)
by
(p—?cA) =z‘hV—%A, (E—qV)o,=—ilid,—qV  (1.2)
op

respectively. (In the preceding, ¢ denotes the electric charge of the particle
and A, V are the electromagnetic potentials of the exterior field.) If, for
instance, we make use of this method in the particular case of the Dirac
equation,

E
[—+p.a——moca4] 1/1=0
c op

we then get the well known generalised equations

E(E—qV)%—(p—%A).a—mOCa4]opz/:=0

The problem then arises of seeking for a similar generalisation for the
relativistic equations of the particle with spin maximum 1 (de Broglie, 1940)
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which can be written in the form

imgc

[-léa,—axal—ayaz—az% ]()b 0

(1.3)

imgyc

1
[Eat—axbl—aybz-azb3 - b4]¢ 0,

where m, is the proper mass of the particle and i is a column matrix with

sixteen elements ()[f“ ¢12 ¢13 771114?7[‘21 S[lzz . 1/’42 l)[’43 lﬁ'44. As for the aﬂ, b”, they
are 16 x 16 matrices built with the 4 x 4 identity matrix I and the four

Dirac matrices «, in the following way
a,=o,x1  b,=Ixa, (r=1,2,3,4) (1.4)

where we denote by A4 x Bthe external product of the two matrices 4 and B,
obtained by replacing each element a;; of A by the matrix ay B.

If we introduce into (1.3) the energy and momentum operators defined in
(1.1), the equations become

[1—;+p.a~moca4] =0
c op

[§+pb_mocb4] 1,&‘:0.
c op

Now it can be seen that if the former substitution of (1.1) by (1.2) is per-
formed upon the preceding equations the resulting system,

LE-a)+(p=2a).a—moca] =0 (1.5)

E(E_QVH(p—%’A).b—mocb4]op¢=o (1.5b)

is incompatible. To make sure, sum and subtract the equations (L.5),
which gives

[ (9 -2a) 2 m ey 0 160

[(z‘hV-g—A) a=b_c%T ]¢ 0 (1.6b)
c 2

that is, sixteen equations (1.6a) having first derivatives of time and sixteen
equations (1.6b) where those derivatives do not occur. We shall now see
that on account of equations (1.6a), the equations (1.6b) do not remain
valid over time, which amounts to saying that

. q a—b a,— b,
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The preceding derivative is equal to

q a—b I a—b_ as— by
c(atA).——~2 1/:—}—{(1}“7 CA). 3 Mo €~ ]a,¢

and if we take into account the value of 0,4 obtained from (1.6a), we are led
to the equivalent expression

q a—-b, ql(.o g, \a-b a,— b,
c(atA).—z i l_h[(lhv CA). 3 Mo ¢ ]ng

C . q zak_bk ak+bk
+%[Z(zhak—z,4k) m

=1
3
] _g . _g al‘_‘blak—“bk
+; i, cA,)(zhak cAk) St
3
: ___g ak—bka4+b4 a4"‘b4ak+bk
_moc;(lhak CAk)( 3 3 + 3 5
—b b
+m02c2‘1“—2~—“@%]¢ (1.7)

Now by means of definition (1.4) and the multiplication properties of the «,,
(ot 00, -+ o, 00 = 28, T), the following relation can be verified

(a;t - by) (av + bv) -+ (av - bv) (au + b,u) =0 (;U'a v=1,2,3, 4)
and furthermore one easily recognises that
(ihal - %Al) (ihak - %Ak) - (ihak _ %Ak) (mal _ %Al) - ih% (curl A),,

(I, k, m being a circular permutation of 1, 2, 3), so that (1.7) takes the forim

g a—b,  q[(.o q,)2-b a,— by
C(a,A).T i m[(zhv CA).—— o €=

: [

- q[k,,z,m (as = b)) (@ -+ by) (curl A>m]¢

To ensure this expression be null, it is then required that 0,A =V =
rot A = 0, which is equivalent to saying that the exterior electromagnetic
field must be null, and we thus regress to the non-generalised equations at
the beginning. One thus comes to the conclusion that equations (1.3),
describing the spin maximum 1 particle, cannot undergo the usual general-
isation (1.1), (1.2) without bringing about a system which is incompatible.
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2. The Lagrangian and the Generalised Equations

Let us point out at once that the incompatibility of equations (1.5) is
inherent in the non-commutability of the four operators (£ —qV),, and
[p—(g9/0)Al,, as well as to the very structure of (1.3) which contains
thirty-two equations of the sixteen functions ;. The system nevertheless
remains compatible in course of time as in de Broglie, 1954, but if we carry
out the generalisation (1.1), (1.2) upon the equations (1.3) we may expect
their compatibility to fail and, according to our discussion in Section 1, this
is what actually happens. As has been shown (see Pereira, 1971) this fact
means that among the thirty-two equations of evolution and condition
describing the behaviour of the spin maximum 1 particle, there will be a
certain number of equations which are no longer valid in the generalised
case of an electrically charged particle.

In order to overcome this difficulty -we shall consider the following
system of sixteen first-order differential equations

[1 a4+b4 a4bk+akb4 imge
c

_za s a4b4]¢:o.

It has been proved in de Broglie (1957) that this system is equivalent to (1.3)
and that equations (2.1) are precisely the sixteen Lagrange equations
arising from the Lagrangian

fic Iaa4+b4 va4b+ab4_imoc
2i f2 ) /]

Now it is well known that many expressions in the theory of the particle
with spin maximum 1 can be formally obtained from the corresponding
expressions of the Dirac theory just by carrying on the substitution of
matrices

Ly = a, b4] J + conj.

a4+b4

I— 5

_>a,lb4 +asb,

o, 2 (w=1,2,3,4).

Thus, it seems natural to believe that if we perform this substitution upon
the generalised Lagrangian of Dirac, namely

fic 1 ig ig imgc
D _. =1{25 _ _ 4
F 5 P [(Cat he V) (V + ﬁcA).a 5 og,]z/: + conj.
the resulting expression,

hc 1 ig Nas+ by iq ab, +a,b  imyc

+ conj. 2.2)




THE THEORY OF THE SPIN MAXIMUM 1 PARTICLE 451

will be the Lagrangian of the particle with spin maximum 1 and electric
charge ¢ moving in an electromagnetic field defined by the potentials 4, V.
From (2.2) we may calculate the derivatives

ag hc (ak b4 + bk a4>* ¢* ag h (a4 + b4) S[i*

0Ot 20 2 0, ) 20

8 Nef(Ly By (s (v 2y (et by
ob,,  2i ' ke 2 e A 2
2tm0c(a b )*]¢*

and by introducing the preceding expressions in the Lagrange equations

s 2F 3. 0% o
"00hap) ' FOkthap)  Oup
one is led to the relations

3
1 ig  \as+by iq a b, +asb, imge _
[(Ea, th) . ; Ot 2o Ay St = aub, | =0,
2.4)

These are the spinor equations which we shall adopt from now on as
describing the spin maximum 1 particle of electric charge ¢ moving in an
electromagnetic field given by the potentials A and V. From its very
structure, the preceding system (with sixteen functions i,z obeying to
sixteen first-order differential equations) does not give rise to any sort of
difficulty, as far as mathematical compatibility is concerned. Morcover, if
we put A = V=0 (or g = 0) we obtain the system (2.1) which yields (1.3) as
we have referred to in the foregoing.

(“!BZ 1,2, 3: 4) (23)

3. The 4-Vector Current Flow Density and the Energy-Momentum
Density Tensor

We must now examine whether the existence of g, A and ¥ brings about
some alterations in the expressions of the physical quantities attached to the
particle with regard to the same physical quantities when A = V' =0.

We may say at once that the definition of the 4-vector probability flow-
density remains unchanged. As a matter of fact, one may easily verify that
an equation of continuity

0,p+divi=0 3.1

is still implied by equations (2.4) with the usual definitions

a,+b
p=ir =y

ab4 + a,b

- ‘/’* ‘/’9
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ip and f/c being the components of a 4-vector which we denote by j,.T Since
the particle is now supposed to be endowed with an electric charge ¢, we may
define the 4-vector current-flow density s, = gj, = [igp;qf/c], so that the
equation of continuity (3.1) becomes

8,8, =0 3.2)
which is the expression of the conservation of the total charge.

Now the 4-vector s, can be written in a form which will be useful later. In
fact, the Lagrangian (2.2) yields

0.7 ¢ka4bk+akb4¢ (k=152,3)
4.
0L %4 -+ b4
T
and by introducing the 4-vector <7, = [iV;A], one then obtains
A
S =G = Froa (3.3)

Let us now examine the energy-momentum density tensor T, of the
particle of spin maximum 1 and charge ¢. If the particle is moving in an
electromagnetic field A, V, this tensor must verify 9,7, =r,, where r,
is a 4-vector whose space components are the three components of the
Lorentz force gp[E — (1/c)H A v], and whose time component is the work
(i/c)gpE.v. With our relativistic notations,{ this may be expressed in the
form

0, Ty =8, = (0,5, — 0,4,) 5, 3.4

wt
Starting from this relation we shall now seek for the explicit form of 7,
If we calculate the derivative of the Lagrangian in order to the xg coordinate
we obtain, by means of the Lagrange equations (2.3),

07 0.7 . 07
aﬁg = ac(saﬁ g) _maaﬁsbyv + 'é’&;aﬁ ¢MV + cony. + @aﬁﬂa
7, X L
=80, ) Pt (a(ag sﬁm)) 2% i - con)
63
6 o, e
and hence
oL 2.7 .
aﬂ 513532, 33[805837——5—(—525—’533 ;7&,‘11’ +COH_].:I. (3.5)
4 In the sequel we shall always make use of the coordinates xy =x, x; =y, X3 =z,
X4 = ICL.

1 We define the electromagnetic field tensor as follows, 514 = —iE,, 534 = ~iEy, 3 34 =
~iE, #Hyy = H,, Hoy = Hy, #3y = Hy; (# 4p = —3,,). The definition relations of the
fields, E==(1/c)8, A —grad Vand H=rot A, will therefore be written o ,, = 8,7, — 8,7,
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Let us now return to equation (3.4) and write, accoiding t0 (3.2),
80&2”&5::508‘8&{0-&2’55050 So.a &l/‘g——SgaB (SU'MJS)
so that one gets from (3.3) and (3.5),

0% . A
au Taﬁ = aa I:&;ﬁg — (m aﬁ l,bw, + COI-]J.) "@;'Mﬁ] .

This leads us to define the energy-momentum density tensor of the
particle with spin maximum 1 and charge ¢ in an electromagnetic field of
4-potential &7, in the following way,

A o.F * 0.L
00 P e ) P 0 ",
If we put Jaf = ( {or ¢ = 0), the preceding asymmetric tensor reduces to the

usual form of T,, given by de Broglie (1940), from which it differs by the
adjunction of the term —s,, 7.

TO!BZ." &2’& (3 6)

4. On the Tensorial Form of the Generalised Fquations

We shall now look for the tensorial form of the spinor equations (2.4)
which we introduced in Section 2.

To begin with, one can easily verify that the product and commutation
properties of the a, and b, bring about the relations

asbylas+by)=a,+ by
abla by Fasb)=asa, +b4b, (k=123
asbyashy=1
Therefore, by multiplying (2.4) at the left by —ia, b, one obtains

1 lq ay + b4 a4 a, + b4 bk mo [+

and if we define the 4-vector P, =ihd, — (g/c)4,, where <7, is the 4-
potential and 9, the 4-gradient, equation (4.1) will then take the form

lag Py + 3 iagay Py — 2img el + [bs Py + 2, iby by P =0 (4.2)

Let us now introduce the 4 x 4 matrix ¥ built with the sixteen elements i/,
of the column matrix :
Ivbl 1 Zl[ll 2 14[’1 3 l/’l 4

- ba1 P2 Yoy Yos
Qb’él ‘!‘32 1;{"33 2,534
bar Y2 Yaz bua

By making use of (1.4) one then recognises that (4.2) can be written as
follows

4 4
[z P~ 2img c] o [z YuP. ’{”}T 0 “3)
1 T
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where the y, (n = 1,2,3,4) are the von Neumann matrices
Y4 = 0y, Vi = oy o (k=1,2,3)

Now let I" be a matrix such that y,” I'=—Iy, (u = 1,2,3,4). This matrix
will obviously depend upon our choice of the y,’s (or, more precisely, of the
,’s) and it can be seen that, if we fix the expression of the «,’s as

0 0 0 -1 00 0 i

o 0o -1 o oo - o

“=lo 1 0 o *T|loi 00

1 0 0 0 - 0 0 0

00 -1 0 10 0 0

00 01 01 0 0
=10 oo *Tjoo -1 o “4.4)

01 00 0 0 -1

the matrix

F=i3’2’}’4 (4~5)

will fulfil the preceding requirements. Therefore, by multiplying (4.3) at left
by I', we obtain the equivalent system

4 4
[z Yo Py — 2im, c} YIr—> P, %Iy, =0 4.6)
7 Hu

Let us now consider the complete system spanned by the four vy, which
consists of the sixteen Hermitian matrices

yo=1
Vi =log 0y (k=1,2,3)
V4= 04 4.7)

'tu:i’yy'yv (1U'<V;FL’V=1:2:354)
'yuvpzi'y}t'yv'yp (:“'<V<P;I~L9V:P=152:394)
Y1234 = Y1Y2Y3V4

Since any 4 x 4 matrix can be written as a linear combination of the pre-
ceding matrices, we shall consider the 4 x 4 matrix WI" and write, with
coefficients ¢,,

16 4 u<y
¥Yr= Zﬁba'ya:(]',’oy()"l_%(ﬁu'yy_l_ﬂv_z s 451)/1117#1}

=17,
u<y<p
+ > Puvp Yurp + P1234 V1234 T 4.8)
uv,0oT,2,3,4

1 As can be seen in de Broglie (1954), the six functions ¢,,(x < v; p,v = 1,2,3,4) are the
independent components of a skew-symmetric tensor of rank 2, while the ¢,., (u <v < p;
u,v,p=1,2,3,4) are the four independent components of a completely skew-symmetric
tensor of rank 3. Besides, ¢, is an invariant and ¢,234 2 pseudo-invariant.
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Let us now introduce (4.8) to equations (4.6) and, after a few simple
calculations, equate to zero the coefficients of each matrix vy, (for they are
linearly independent). We are thus led to the following relations

i imgc
O+ 2 A by == =y (4.92)
i imge
Budy = B b+ 2= (Lu by — Ay b) = T2 by (4.9b)
$o=0 (4.10a)
i imge
a# ﬁbuvpa -+ E%M“ ¢uvpo‘ = _h()_ ?Svpa (410b)

ay qsvpa - av ¢pcy + ap qsayv - ao‘ ¢yvp
9 (o o, o o, trto € 4.10
+ "ﬁz( u ‘]Svpa Ty ¢pay -+ P ‘750#1/ — g (l’,uvp) == _h_ ¢uvpa ( . C)

which are the tensor equations of the particle of spin maximum 1 and charge
g moving in a field .2Z,. It turns out that the description of the spin 0 particle
and that of the spin 1 particle are completely independent. The description
of the spin 0 particle is given by the last three equations whereas the first two
equations concern the spin 1 particle, whose physical state is thus translated
by the 4-vector ¢, and the skew-symmetric tensor of rank 2, ¢,,,.

5. The Tensorial Lagrangian Formalism

We shall next present the tensorial form of the Lagrangian %, that is, the
expression of (2.2) in which the spinors ¢, are replaced by the linear
combinations of the tensor variables ¢,, given by equations (4.8). To begin
with, we shall make use of the choice (4.4) adopted above for the «,’s and
calculate the explicit form of the matrices v, and I" defined in (4.5) and
(4.7). By introducing in (4.8) the matrices thus obtained, one is then led to
the expressions of the ¢,,,,

bir Pia Pas hra) [ Fida +idis + oy $3 — ip3s — 123 — id1234
$a1 Pz P23 thaa] _ (b3 — ipsa+ bias +idiase by iy — iy + oy

3y Paz P33 Paa|  |—bis +idas + Prsa — idass ibo — iy — ihya - ih1ae
a1 Paz Pas Pas|  |io i — idra Fib1as  —br3 —ihay + Piss + ichrss

—b13 + ida3 — bi3a + iasa  ipo +ihy — ih1y — ib124
y —ipo — iy — i1 —iy2s  —b13 — ihas — bi3s — ihazs
b1 — iy +ihrg + bas —p3 — itp3a + 1oz — ith1a34
—b3 — ih3a — bra3 +irazs  —1 — iy — ih14 + bag
which we next substitute in (2.2). After a somewhat pedestrian calculation
one arrives at the form of the Lagrangian expressed in the tensor variables
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¢, It is then found that & has the form

L = FD 4 PO (.1)

where £ is a real function of ¢, ¢,, (i.e., the field variables describing
the spin 1 particle), their first derivatives and their complex conjugates. In
a similar way, Z® is a real function of ¢, ¢,,,, and ¢,3, (the field variables
attached to the spin O particle), their first derivatives and their complex
conjugates. The explicit form of £V is the following

g(l) = '2C[¢Z(PV Vs,uv + My c¢[1) - %¢:v(m0 c¢yv + Py ¢V - PV ¢,u)] + COHj.
(P# = ihd, — %%) (5.2)
and that of #©®

FLO = 2c¢T534(P1 b23s — Py b13s + Py bras — Pachias)
—20($334 P1 pr23s — Pl3a Pabrasa + ¢l2a Py brass — di2s Pabrasa)
—2mqo A(—pg bo — Plaza Prazs + Plaa bras + Pl2sbrog + Fiabias
+ $334 $234) + conj. (5.3)

As can be seen, the Lagrange equations arising from the new expression
of the Lagrangian,

0.7 0¥ 0¥
Aoyt am gy o, Be bordu b b s <v <p;
%k Pa t¥a a ’J,,V,p=1:2;3:4’)

are precisely equations (4.9) and (4.10) which, once introduced in (5.2) and
(5.3),yield & = P = L =0, as happened in the non-generalised theory
(de Broglie, 1957). From (5.1), (5.2) and (5.3) it results that the study of the
two particles with different values of spin (the one with spin 1 and the other
with spin 0) can be carried out separately. This means that whenever one
wants to study a sole particle of spin 1 it must be assumed that the spin 0
particle does not exist which amounts to taking ¢ = ¢1234 = ¢y, = 0 and
therefore F©@ =0 and & = Z. Similarly, one must put ¢, =, =0
whenever the spin 0 particle alone is considered, hence F® =0 and
F = PO, Since the Lagrange equations are linear, one can easily make sure
that this separation of the two cases will be retained throughout the theory
(in its tensorial form). This is what can be seen from definitions (3.3) and
(3.6) given above for the 4-vector current-flow density and the energy-
momentum density tensor which, written in tensor variables, take the form

0.7
SH:é:,J_M (54)
~ o7 27 04, 0L gk
Tw=%w = o 5o, d0ax, 9@, 00, O
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From (5.4) and (5.1) s, will then be given by a sum of two vectors, s§” and
(Y, the first being a function of the field variables attached to the spin 1
particle and the second containing only the variables describing the spin 0
particle:

— ¢ <@
Sp=28,"+5;
Similar thoughts can occur about T, which, in tensor variables, is written
1 0
T}w = T:xv) =+ T;w)

More precisely, one obtains from (5.2) and (5.4) the expression of the 4-
vector current flow-density of the particle with spin 1,

SELU = 4q¢;k (ﬁvu + Conj'
and that of the spin O particle,
5 = 4qdTr34 b, pe + cONJ. (pvpo is a circular permutation of 1,2,3,4)

As for the tensors T and T, they are easily obtained from (5.2), (5.3) and
(5.5):

TS =—s')) o, — 2ich($y,, 0, bs + $0 8, P, — conj.)

4
ngz) = —Sf?)v‘fu - 2i5h(¢§ﬁy 0, b1234 + ¢f234 s 2 ) o, ¢5€1} —~ conj.)

s€5 =

o<e<<y

(naPy is a circular permutation of 1,2,3,4)

We shall end the present paper by pointing out that if we introduce in
(4.9a) the expression of ¢, as yielded by (4.9b), equations (4.9) then assume
the equivalent form

2 .2

iq iq iq L
(au+~ﬁéﬂﬂ)[(a#+ﬁzﬂ,,)¢v—(3v+hc%)¢y:l* 70 ¢"'

Now these equations which here describe a special case (that of the spin 1
particle) in the generalised theory of the particle with spin maximum 1, have
been introduced in a rather different way by Proca (1936) within the frame
of a vector theory, i.e. a theory in which a single 4-vector is employed to
describe the particle. Yet the two theories do differ on several points,
namely in the Lagrangian and the tensor T, (Pereira, 1971). In fact, one
must not expect the Lagrangian of the Proca vector theory to be given by
(5.2) in which we replace ¢,,, by its expression taken from (4.9b), for £
would then become a function of ¢, its first and second derivatives.

Since the two Lagrangians are different, it follows from (5.5) that the two
tensors Tf},,) are different, too, and as a matter of fact the calculation leads
to a symmetric tensor expression for the Proca (1936) tensor.

Now there are some reasons for believing that the physical properties of
the spin 1 particle are better explained by an asymmetric tensor (Imbert,
1969). Therefore, it seems that the use of a single 4-vector for the description
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of the particle may not be justified and must instead be replaced by the
introduction of a 4-vector ¢, and a tensor ¢,,,.
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